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Abstract
We consider the compressible Navier-Stokes-Fourier system on time-dependent domains with prescribed motion
of the boundary, supplemented with slip boundary conditions for the velocity. Assuming that the pressure can
be decomposed into an elastic part and a thermal part, we prove global-in-time existence of weak solutions. Our
approach is based on the penalization of the boundary behavior, viscosity, and the pressure in the weak formulation.
Moreover, the thermal energy equation is in the weak formulation replaced by the thermal energy inequality
complemented with the global total energy inequality. In the approximation scheme the thermal energy inequality
is consider to be satisfied in the renormalized sense.
Keywords: compressible Navier-Stokes-Fourier equations, time-varying domain, slip boundary conditions
1 Introduction
The flow of a compressible viscous heat conducting fluid is in the absence of external forces described by the following
system of partial differential equations
∂t̺+ divx(̺u) = 0, (1.1)
∂t(̺u) + divx(̺u⊗ u) +∇xp(̺, ϑ) = divxS(∇xu), (1.2)
∂t(̺E) + divx((̺E + p)u) + divxq = divx(S(∇xu)u). (1.3)
These equations are mathematical formulations of the balance of mass, linear momentum and total energy respectively.
Here ̺ is the density of the fluid, u denotes the velocity and E = 12 |u|2 + e(̺, ϑ) the specific total energy given as
sum of the kinetic energy and the internal energy e being a function of density and temperature ϑ.
∗The work of O.K., V.M. and Sˇ.N. was supported by Grant of GA CˇR GA13-00522S and by RVO 67985840.
†The work of A.W.-K. was supported by Grant of National Science Center Sonata, No 2013/09/D/ST1/03692.
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The stress tensor S is determined by the standard Newton rheological law
S(∇xu) = µ
(
∇xu+∇txu−
2
3
divxuI
)
+ ηdivxuI, µ > 0, η ≥ 0. (1.4)
For simplicity, throughout the rest of this paper we assume the viscosity coefficients µ and η to be constant, however
the case of µ, η being dependent on temperature in a suitable way can be also treated, see Section 5.
The Fourier law for the heat flux q has the following form:
q = −κ(ϑ)∇xϑ, κ > 0. (1.5)
Motivated by [4] we assume the following state equation for the pressure
p(̺, ϑ) = pe(̺) + ϑpϑ(̺), (1.6)
with the additional assumption that pϑ is a non-decreasing function of the density vanishing for ̺ = 0. Consequently
the Maxwell relation yields the form of the specific internal energy as
e(̺, ϑ) = Pe(̺) +Q(ϑ) (1.7)
with the elastic potential
Pe(̺) =
∫ ̺
1
pe(z)
z2
dz (1.8)
and the thermal energy being related to the specific heat at constant volume cv by
Q(ϑ) =
∫ ϑ
0
cv(z)dz, cv(z) ≥ cv > 0 for all z ≥ 0, (1.9)
Assuming smoothness of the flow the system (1.1)-(1.3) can be rewritten using the equation for the thermal energy
instead of the balance of total energy
∂t̺+ divx(̺u) = 0, (1.10)
∂t(̺u) + divx(̺u⊗ u) +∇xp(̺, ϑ) = divxS(∇xu), (1.11)
∂t(̺Q(ϑ)) + divx(̺Q(ϑ)u) + divxq = S(∇xu) : ∇xu− ϑpϑ(̺)divxu. (1.12)
We study the system of equations (1.10)-(1.12) on a moving domain Ω = Ωt with the prescribed movement of the
boundary and on time interval [0, T ] with T < ∞. More precisely, the boundary of the domain Ωt occupied by the
fluid is described by means of a given velocity field V(t, x), where t ≥ 0 and x ∈ R3. Assuming V is regular, we solve
the associated system of differential equations
d
dt
X(t, x) = V
(
t,X(t, x)
)
, t > 0, X(0, x) = x, (1.13)
and set
Ωτ = X (τ,Ω0) , where Ω0 ⊂ R3 is a given domain, Γτ = ∂Ωτ , and Qτ = {(t, x) | t ∈ (0, τ), x ∈ Ωτ}.
The impermeability of the boundary of the physical domain is described by the condition
(u−V) · n|Γτ = 0 for any τ ≥ 0, (1.14)
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where n(t, x) denotes the unit outer normal vector to the boundary Γt. Moreover, we assume the Navier type boundary
conditions in the form
[Sn]tan + ζ [u−V]tan |Γτ = 0, ζ ≥ 0, (1.15)
where ζ represents a “friction” coefficient. If ζ = 0, we obtain the complete slip while the asymptotic limit ζ → ∞
gives rise to the standard no-slip boundary conditions.
Concerning the heat flux we consider the conservative boundary conditions
q · n = 0 for all t ∈ [0, T ], x ∈ Γt. (1.16)
For physical motivation of correct description of the fluid boundary behavior, see Bul´ıcˇek, Ma´lek and Rajagopal
[1], Priezjev and Troian [16] and the references therein.
Finally, the problem (1.10)-(1.16) is supplemented by the initial conditions
̺(0, ·) = ̺0, (̺u)(0, ·) = (̺u)0, ϑ(0, ·) = ϑ0, (̺Q(ϑ))(0, ·) = (̺Q)0 = ̺0Q(ϑ0) in Ω0. (1.17)
The main goal of this paper is to show the existence of global-in-time weak solutions to problem (1.10)-(1.17) for
any finite energy initial data. The existence theory for the barotropic Navier-Stokes system on fixed spatial domains in
the framework of weak solutions was developed in the seminal work by Lions [12], and later extended in [9] to a class of
physically relevant pressure-density state equations. Then it was extended by Feireisl to the full Navier-Stokes-Fourier
system [4, 5].
The investigation of incompressible fluids in time dependent domains started with a seminal paper of Ladyzhenskaya
[11], see also [13, 14, 15] for more recent results in this direction.
Compressible fluid flows in time dependent domains in barotropic case were examined in [6] for the no-slip boundary
conditions and in [7] for the slip boundary conditions. The aim of this paper is to extend this result to the full system.
We proceed in the following way.
1. In order to deal with the slip boundary condition, we introduce to the weak formulation of the momentum
equation a term
1
ε
∫ T
0
∫
Γt
(u−V) · n ϕ · n dSx dt, ε > 0 small, (1.18)
which was originally proposed by Stokes and Carey in [17]. This extra term allows to consider the system in
time independent domain which is divided by impermeable boundary Γt. In order to handle the behaviour of
fluid in the solid domain QcT we use the following three (in fact four) level penalization scheme
2. In addition to (1.18), we introduce a variable shear viscosity coefficient µ = µω, where µω remains strictly
positive in the fluid domain QT but vanishes in the solid domain Q
c
T as ω → 0.
3. We introduce the heat conductivity coefficient κν(t, x, ϑ) which remains strictly positive in the fluid domain QT
but vanishes in the solid domain QcT as ν → 0. For technical reasons this procedure needs to be done in two
steps, more precisely we consider a step function κν = κ in the fluid part and κν = νκ in the solid part. This
function is then mollified to get smooth κν,ξ, ξ > 0 with κν,ξ → κν as ξ → 0.
4. Similarly to the existence theory developed in [9], we introduce the artificial pressure
pδ(̺, ϑ) = p(̺, ϑ) + δ̺
β, β ≥ 4, δ > 0,
in the momentum equation (1.11).
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5. Keeping ε, δ, ν, ξ and ω > 0 fixed, we solve the modified problem in a (bounded) reference domain B ⊂ R3 chosen
in such a way that
Ωτ ⊂ B for any τ ∈ [0, T ].
To this end, we adapt the existence theory for the compressible Navier-Stokes system with variable viscosity
coefficients developed in [5].
6. We take the initial density ̺0 vanishing outside Ω0 and letting ε→ 0 for fixed δ, ω > 0 we obtain a “two-fluid”
system where the density vanishes in the solid part ((0, T )×B) \QT of the reference domain together with the
thermal pressure pϑ. It follows that the choice of the pressure is fundamental.
7. Passing with ξ → 0 we recover the system with jump in the heat conductivity coefficient and justify the choice
of the boundary condition of the test function in the weak formulation of the thermal energy balance.
8. Letting the viscosity vanish in the solid part, we perform the limit ω → 0, where the extra stresses disappear
in the limit system. The desired conclusion results from the final limit process, where we set ν = ν(δ) and let
δ → 0.
The paper is organized as follows. In Section 2, we introduce all necessary preliminary material including a weak
formulation of the problem and state the main result. Section 3 is devoted to the penalized problem and to uniform
bounds and existence of solutions at the starting level of approximations. In Section 4, the limits for ε → 0, ξ → 0,
ω → 0, and δ → 0 are preformed successively. Section 5 discusses possible extensions and applications of the method.
2 Preliminaries
2.1 Hypotheses
Hypotheses imposed on constitutive relations and transport coefficients are motivated by the general existence theory
for the Navier-Stokes-Fourier system developed in [4, 5].
Hypotheses on the pressure:
pe ∈ C[0,∞) ∩ C1(0,∞), pe(0) = 0,
p′e(̺) ≥ a1̺γ−1 − b for all ̺ > 0,
pe(̺) ≤ a2̺γ + b for all ̺ ≥ 0,


(2.1)
for certain constants γ > 32 , a1, a2, b > 0,
pϑ ∈ C[0,∞) ∩ C1(0,∞), pϑ(0) = 0,
pϑ is a non-decreasing function of ̺ ∈ [0,∞),
pϑ(̺) ≤ c̺ γ3 for all ̺ ≥ 0.


(2.2)
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Hypotheses on the heat conductivity coefficient:
κ = κ(ϑ) belongs to the class C2[0,∞),
k1(ϑ
α + 1) ≤ κ(ϑ) ≤ k2(ϑα + 1) for all ϑ ≥ 0,
with constants k1, k2 > 0, α ≥ 4 and α ≥ 12(γ−1)γ .


(2.3)
Hypothesis on the thermal energy:
Q = Q(ϑ) =
∫ ϑ
0 cv(z) dz,
where cv ∈ C1[0,∞) is such that there exist 0 < c < c <∞,
c(1 + ϑ
α
2
−1) ≤ cv(ϑ) ≤ c(1 + ϑα2−1).


(2.4)
We would like to emphasise that the lower bound on cv is restrictive (compare with [4, Section 3]). However, this
assumption is essential since it allows us to derive estimates on the velocity – see (4.35).
2.2 Weak formulation, main result
In the weak formulation, it is convenient to consider the continuity equation (1.10) in the whole physical space R3
provided the density ̺ is extended to be equal to zero outside the fluid domain, specifically∫
Ωτ
̺ϕ(τ, ·) dx−
∫
Ω0
̺0ϕ(0, ·) dx =
∫ τ
0
∫
Ωt
(̺∂tϕ+ ̺u · ∇xϕ) dxdt (2.5)
for any τ ∈ [0, T ] and any test function ϕ ∈ C∞c ([0, T ]× R3). Moreover, equation (1.10) is also satisfied in the sense
of renormalized solutions introduced by DiPerna and Lions [2]:∫
Ωτ
b(̺)ϕ(τ, ·) dx−
∫
Ω0
b(̺0)ϕ(0, ·) dx =
∫ τ
0
∫
Ωt
(b(̺)∂tϕ+ b(̺)u · ∇xϕ+ (b(̺)− b′(̺)̺) divxuϕ) dxdt (2.6)
for any τ ∈ [0, T ], any ϕ ∈ C∞c ([0, T ] × R3), and any b ∈ C1[0,∞), b(0) = 0, b′(r) = 0 for large r. Of course, we
suppose that ̺ ≥ 0 a.e. in (0, T )× R3.
Similarly, the momentum equation (1.11) is replaced by a family of integral identities∫
Ωτ
̺u · ϕ(τ, ·) dx−
∫
Ω0
(̺u)0 · ϕ(0, ·) dx (2.7)
=
∫ τ
0
∫
Ωt
(̺u · ∂tϕ+ ̺[u⊗ u] : ∇xϕ+ p(̺, ϑ)divxϕ− S(∇xu) : ∇xϕ) dxdt
for any τ ∈ [0, T ] and any test function ϕ ∈ C∞c ([0, T ]× R3;R3) satisfying
ϕ · n|Γτ = 0 for any τ ∈ [0, T ]. (2.8)
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Then the impermeability condition (1.14) is satisfied in the sense of traces, specifically,
u,∇xu ∈ L2(QT ;R3) and (u−V) · n(τ, ·)|Γτ = 0 for a.a. τ ∈ [0, T ]. (2.9)
According to [4, 5] the equation (1.12) is replaced by two inequalities, the thermal energy inequality
∂t(̺Q(ϑ)) + divx(̺Q(ϑ)u)−∆K(ϑ) ≥ S : ∇xu− ϑpϑdivxu (2.10)
where
K(ϑ) =
∫ ϑ
0
κ(z) dz
and the global total energy inequality. In the case of the problem on a fixed domain Ω, this inequality states simply∫
Ω
̺(
1
2
|u|2 + Pe(̺) +Q(ϑ))(τ, ·) dx ≤
∫
Ω
( |(̺u)0|2
2̺0
+ ̺0Pe(̺0) + ̺0Q(ϑ0)
)
(·) dx (2.11)
for all τ ≥ 0, the elastic potential Pe is defined in (1.8).
However, in the problem on the moving domain this inequality is no longer such simple and additional terms
appear. We have ∫
Ωτ
̺(
1
2
|u|2 + Pe(̺) +Q(ϑ))(τ, ·) dx ≤
∫
Ω0
( |(̺u)0|2
2̺0
+ ̺0Pe(̺0) + ̺0Q(ϑ0)
)
(·) dx (2.12)
+
∫
Ωτ
(̺u ·V)(τ, ·) dx −
∫
Ω0
(̺u)0 ·V(0, ·) dx
+
∫ τ
0
∫
Ωt
(S(∇xu) : ∇xV − ̺u · ∂tV − ̺u⊗ u : ∇xV − p(̺)divxV) dxdt
for all τ ≥ 0. We also emphasise that the boundary condition (1.16) is replaced by the inequality
∂ϑ
∂n
≥ 0 on Γt for all t ∈ [0, T ]. (2.13)
Following these considerations, in the weak formulation of the problem the temperature ϑ satisfies∫ T
0
∫
Ωt
̺Q(ϑ)∂tϕ+̺Q(ϑ)u ·∇ϕ+K(ϑ)∆ϕdxdt ≤
∫ T
0
∫
Ωt
(ϑpϑdivxu−S : ∇xu)ϕdxdt+
∫
Ω0
̺0Q(ϑ0)ϕ(0) dx (2.14)
for any ϕ ∈ C∞([0, T ]× R3), ϕ ≥ 0, ϕ(T ) = 0, ∇ϕ · n|Γτ = 0 for any τ ∈ [0, T ].
Definition 2.1 We say that the trio (̺,u, ϑ) is a variational solution of problem (1.10)-(1.12) with boundary condi-
tions (1.14)-(1.16) and initial conditions (1.17) if
• ̺ ∈ L∞(0, T ;Lγ(R3)),
• u,∇xu ∈ L2(QT ;R3), ̺u ∈ L∞(0, T ;Lm(R3;R3)) for some m > 65 ,
• ̺Q(ϑ) ∈ L∞(0, T ;L1(R3)) ∩ L2(0, T ;Lq(R3)) for some q > 65 , logϑ, ϑpϑ(̺) ∈ L2(QT ), K(ϑ) ∈ L1(QT ),
• relations (2.5)-(2.9), (2.12) and (2.14) are satisfied.
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At this stage, we are ready to state the main result of the present paper:
Theorem 2.1 Let Ω0 ⊂ R3 be a bounded domain of class C2+ν , and let V ∈ C1([0, T ];C3c (R3;R3)) be given. Assume
that the pressure p(̺, ϑ) takes the form (1.6) with pe, pϑ ∈ C[0,∞) ∩ C1(0,∞) complying with the hypothesis (2.1),
(2.2) with a certain γ > 3/2. Moreover let q be given by (1.5) with κ(ϑ) complying with the hypothesis (2.3) and let
hypothesis (2.4) be satisfied with α ≥ 12(γ−1)γ . Furthermore let the initial data fulfill
̺0 ∈ Lγ(R3), ̺0 ≥ 0, ̺0 6≡ 0, ̺0|R3\Ω0 = 0, (̺u)0 = 0 a.a. on the set {̺0 = 0},
∫
Ω0
1
̺0
|(̺u)0|2 dx <∞
and
ϑ0 ∈ L∞(Ω0), ϑ0 ≥ ϑ > 0 on Ω0.
Then the problem (1.10)-(1.12) with boundary conditions (1.14)-(1.16) and initial conditions (1.17) admits a variational
solution on any time interval (0, T ) in the sense specified through Definition 2.1.
The rest of the paper is devoted to the proof of Theorem 2.1.
3 Penalization
For the sake of simplicity, we restrict ourselves to the case ζ = 0 in (1.15) and η = 0 in (1.4). As we shall see in
Section 5, the main ideas of the proof presented below require only straightforward modifications to accommodate the
general case.
3.1 Penalized problem - weak formulation
Choosing R > 0 such that
V|[0,T ]×{|x|>R} = 0, Ω0 ⊂ {|x| < R}
we take the reference domain B = {|x| < 2R}.
Next, the shear viscosity coefficient µω is taken such that
µω ∈ C∞c ([0, T ]× R3), 0 < µω ≤ µω(t, x) ≤ µ in [0, T ]×B, µω(τ, ·)|Ωτ = µ for any τ ∈ [0, T ] (3.1)
and
µω → 0 a.e. in (0, T )×B \QT as ω → 0. (3.2)
Similarly, we introduce variable heat conductivity coefficient as follows: κν(t, x, ϑ) = χν(t, x)κ(ϑ), where
χν = 1 in QT and χν = ν in (0, T )×B \QT ,
and its mollification κν,ξ(t, x, ϑ) = χν,ξ(t, x)κ(ϑ), where
χν,ξ = χν ⋆ Φξ. (3.3)
Here ⋆ denotes the convolution in time-space (i.e. R4), Φ(t, x) is a standard mollifier such that Φξ(t, x) → δt,x as
ξ → 0 in the sense of distributions.
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Finally, let ̺0, (̺u)0 and ϑ0 be initial conditions as specified in Theorem 2.1. We define modified initial data ̺0,δ,
(̺u)0,δ and ϑ0,δ so that
̺0,δ ≥ 0, ̺0,δ 6≡ 0, ̺0,δ|R3\Ω0 = 0,
∫
B
(
̺γ0,δ + δ̺
β
0,δ
)
dx ≤ c, ̺0,δ → ̺0 in Lγ(B), |{̺0,δ < ̺0}| → 0, (3.4)
(̺u)0,δ =
{
(̺u)0 if ̺0,δ ≥ ̺0,
0 otherwise
(3.5)
and for ϑ0,δ ∈ C2+ν(R3) it holds
∇ϑ0,δ · n|Γ0 = 0, 0 < ϑ ≤ ϑ0,δ ≤ ϑ on R3 and ϑ0,δ|Ω0 → ϑ0 in L1(Ω0). (3.6)
Now we are ready to state the weak formulation of the penalized problem. Let β > max{4, γ}.
Again, we consider ̺,u to be prolonged by zero outside of (0, T ) × B. The weak formulation of the continuity
equations reads as ∫
B
̺ϕ(τ, ·) dx −
∫
B
̺0,δϕ(0, ·) dx =
∫ τ
0
∫
B
(̺∂tϕ+ ̺u · ∇xϕ) dxdt (3.7)
for any τ ∈ [0, T ] and any test function ϕ ∈ C∞c ([0, T ]× R3). The momentum equation is represented by the family
of integral identities∫
B
̺u · ϕ(τ, ·) dx−
∫
B
(̺u)0,δ ·ϕ(0, ·) dx− 1
ε
∫ τ
0
∫
Γt
((V − u) · n ϕ · n) dSx dt (3.8)
=
∫ τ
0
∫
B
(
̺u · ∂tϕ+ ̺[u⊗ u] : ∇xϕ+ p(̺, ϑ)divxϕ+ δ̺βdivxϕ− Sω : ∇xϕ
)
dxdt,
with Sω = µω
(
∇xu+∇txu−
2
3
divxuI
)
for any τ ∈ [0, T ] and any test function ϕ ∈ C∞c ([0, T ]×B;R3).
The thermal energy inequality in the penalized problem is satisfied in the renormalized sense:
∫ T
0
∫
B
(̺+ δ)Qh(ϑ)∂tϕ+ ̺Qh(ϑ)u · ∇ϕ+Kν,ξ,h(t, x, ϑ)∆ϕ +Kh(ϑ)∇χν,ξ · ∇xϕ− δh(ϑ)ϑα+1ϕ dxdt (3.9)
≤
∫ T
0
∫
B
(h(ϑ)ϑpϑdivxu− h(ϑ)(1 − δ)Sω : ∇xu+ h′(ϑ)κν,ξ(t, x, ϑ)|∇xϑ|2)ϕ dxdt+
∫
B
(̺0,δ + δ)Qh(ϑ0,δ)ϕ(0) dx
for any ϕ ∈ C∞([0, T ]× R3), ϕ ≥ 0, ϕ(T ) = 0, ∇ϕ · n|∂B = 0 for any τ ∈ [0, T ] and any h ∈ C∞([0,∞)) such that
h(0) > 0, h nonincreasing on [0,∞), lim
z→∞
h(z) = 0, h′′(z)h(z) ≥ 2h′(z)2 for all z ≥ 0, (3.10)
where Qh, Kν,ξ,h and Kh are defined by
Qh =
∫ ϑ
0
Q′(z)h(z) dz, Kν,ξ,h = χν,ξ
∫ ϑ
0
κ(z)h(z) dz, Kh =
∫ ϑ
0
κ(z)h(z) dz.
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Finally, the global total energy inequality reads as
∫ T
0
∫
B
(−∂tψ)
(
̺
1
2
|u|2 + ̺Pe(̺) + δ
β − 1̺
β + (̺+ δ)Q(ϑ)
)
dxdt+ δ
∫ T
0
ψ
∫
B
Sω : ∇xu+ ϑα+1 dxdt (3.11)
≤
∫
B
1
2
|(̺u)0,δ|2
̺0,δ
+ ̺0,δPe(̺0,δ) +
δ
β − 1̺
β
0,δ + (̺0,δ + δ)Q(ϑ0,δ) dx+
1
ε
∫ T
0
∫
Γt
ψ ((V − u) · n u · n) dSx dt
for every ψ ∈ C∞([0, T ]) satisfying
ψ(0) = 1, ψ(T ) = 0, ∂tψ ≤ 0.
Definition 3.1 Let ε, δ, ν, ξ and ω be positive parameters and let β > max{4, γ}. We say that a trio (̺,u, ϑ) is a
renormalized solution to the penalized problem with initial data (3.4)-(3.6) if
• ̺ ∈ L∞(0, T ;Lγ(R3)) ∩ L∞(0, T ;Lβ(R3)),
• u ∈ L2(0, T ;W 1,20 (B;R3)), ̺u ∈ L∞(0, T ;Lm(R3;R3)) for some m > 65 ,
• ̺Q(ϑ) ∈ L∞(0, T ;L1(R3))∩L2(0, T ;Lq(R3)) for some q > 65 , logϑ, ϑpϑ(̺) ∈ L2((0, T )×B), Kh(ϑ) ∈ L1((0, T )×
B) for all h as in (3.10),
• relations (3.7)-(3.9) and (3.11) are satisfied.
The choice of the no-slip boundary condition u|∂B = 0 is not essential here. We have the following existence
theorem concerning weak solutions to the penalized problem.
Theorem 3.1 Let V ∈ C1([0, T ];C3c (R3;R3)) be given. Assume that the pressure satisfies the constitutive equation
(1.6) with pe, pϑ ∈ C[0,∞) ∩ C1(0,∞) complying with hypothesis (2.1), (2.2) with certain γ > 3/2. Moreover let q
be given by (1.5) with assumption (2.3), let hypothesis (2.4) be satisfied and let the initial data fulfill (3.4), (3.5) and
(3.6). Finally, let β > max{4, γ}, and ε, ω, ν, ξ, δ > 0.
Then the penalized problem admits a renormalized solution on any time interval (0, T ) in the sense specified by
Definition 3.1.
The existence of global-in-time solutions to the penalized problem can be shown by means of the method developed
in [5] to handle the nonconstant viscosity coefficients, more precisely see Proposition 4.3 in [5]. Indeed, for ε > 0 fixed,
the extra penalty term in (3.8) can be treated as a “compact” perturbation. The presence of terms involving χν,ξ(x, t)
in the thermal energy inequality (3.9) does not cause any additional difficulties since this function is smooth and
bounded away from zero.
In addition, since β > 4, the density is square integrable and we may use the regularization technique of DiPerna
and Lions [2] to deduce the renormalized version of (3.7), namely∫
B
b(̺)ϕ(τ, ·) dx −
∫
B
b(̺0,δ)ϕ(0, ·) dx =
∫ τ
0
∫
B
(b(̺)∂tϕ+ b(̺)u · ∇xϕ+ (b(̺)− b′(̺)̺) divxuϕ) dxdt (3.12)
for any ϕ and b as in (2.6).
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3.2 Modified energy inequality and uniform bounds
Since the vector field V vanishes on the boundary ∂B it may be used as a test function in (3.8). Combining the
resulting expression with the energy inequality (3.11), we obtain∫
B
(
1
2
̺|u|2 + ̺Pe(̺) + δ
β − 1̺
β + (̺+ δ)Q(ϑ)
)
(τ, ·) dx (3.13)
+ δ
∫ τ
0
∫
B
Sω : ∇xu+ ϑα+1 dxdt + 1
ε
∫ τ
0
∫
Γt
|(u−V) · n|2 dSx dt
≤
∫
B
(
1
2̺0,δ
|(̺u)0,δ|2 + ̺0,δPe(̺0,δ) + δ
β − 1̺
β
0,δ + (̺0,δ + δ)Q(ϑ0,δ)
)
dx
+
∫
B
(
(̺u ·V)(τ, ·) − (̺u)0,δ ·V(0, ·)
)
dx
+
∫ τ
0
∫
B
(
µω
(
∇xu+∇txu−
2
3
divxuI
)
: ∇xV − ̺u · ∂tV − ̺u⊗ u : ∇xV − p(̺, ϑ)divxV− δ
β − 1̺
βdivxV
)
dxdt.
Since the vector field V is regular suitable manipulations with the Ho¨lder, Young and Poincare inequalities and
thermodynamical hypothesis yield∫
B
(
1
2
̺|u|2 + ̺Pe(̺) + δ
β − 1̺
β + (̺+ δ)Q(ϑ)
)
(τ, ·) dx + δ
2
∫ τ
0
∫
B
Sω : ∇xu + ϑα+1 dxdt (3.14)
+
1
ε
∫ τ
0
∫
Γt
|(u−V) · n|2 dSx dt
≤
∫
B
(
1
2̺0,δ
|(̺u)0,δ|2 + ̺0,δPe(̺0,δ) + δ
β − 1̺
β
0,δ + (̺0,δ + δ)Q(ϑ0,δ)
)
dx−
∫
B
(̺u)0,δ ·V(0, ·) dx+ C(V, δ).
As
pe(̺) ≤ c(1 + ̺Pe(̺)) for all ̺ ≥ 0,
relation (3.14) gives rise to the following bounds independent of parameters ε and ξ:
ess sup
t∈(0,T )
‖√̺u(t, ·)‖L2(B;R3) ≤ c, (3.15)
ess sup
t∈(0,T )
∫
B
̺Pe(̺)(t, ·) dx ≤ c yielding ess sup
t∈(0,T )
‖̺(t, ·)‖Lγ(B) ≤ c, (3.16)
ess sup
t∈(0,T )
δ‖̺(t, ·)‖β
Lβ(B)
≤ c. (3.17)
Since
µω
2
∣∣∣∣∇xu+∇txu− 23divxuI
∣∣∣∣
2
=
[
µω
(∇xu+∇txu)− 2µω3 divxuI
]
: ∇xu,
we obtain that ∫ T
0
∫
B
µω
∣∣∣∣∇xu+∇txu− 23divxuI
∣∣∣∣
2
dxdt ≤ c. (3.18)
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Moreover, ∫ T
0
∫
Γt
|(u−V) · n|2 dSx dt ≤ εc. (3.19)
We note also that the total mass is conserved, meaning∫
B
̺(τ, ·) dx =
∫
B
̺0,δ dx =
∫
Ω0
̺0,δ dx ≤ c for any τ ∈ [0, T ]. (3.20)
Thus, relations (3.15), (3.18), (3.20), combined with the generalized version of Korn’s inequality (see [8, Theorem
10.17]), imply that ∫ T
0
‖u(t, ·)‖2
W 1,2
0
(B;R3)
dt ≤ c(ω). (3.21)
Moreover directly from the energy estimates we get that
ess sup
t∈(0,T )
‖(̺+ δ)Q(ϑ)‖L1(B) ≤ c, (3.22)
‖ϑ‖Lα+1((0,T )×B) ≤ c. (3.23)
By the proper choice of renormalization function h the same methods as in Section 5.1 [5] gives
‖δ∇ logϑ‖L2((0,T )×B) ≤ c, (3.24)
‖δ∇ϑα/2‖L2((0,T )×B) ≤ c, (3.25)
and moreover
‖δ∇ϑα+1−λ2 ‖L2((0,T )×B) ≤ c for any 0 < λ < 1. (3.26)
We emphasise that all constants in (3.15) – (3.26) depend on δ.
3.3 Pressure estimates
We use the technique based on the Bogovskii operator in order to derive the following estimate∫ ∫
K
(
(pe(̺) + ϑpϑ(̺)) ̺
λ + δ̺β+λ
)
dxdt ≤ c(K) for a certain λ > 0 (3.27)
for any compact K ⊂ [0, T ]×B such that
K ∩
(
∪τ∈[0,T ]
(
{τ} × Γτ
))
= ∅.
For details we refer reader to [5, Section 4.2] or [10].
4 Singular limits
In this section, we perform successively the singular limits ε→ 0, ξ → 0 ω → 0, and δ → 0 with ν = ν(δ).
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4.1 Penalization limit
Firstly, we proceed with ε→ 0 in (3.7), (3.8), (3.9) and (3.13) while other parameters ξ, ν, ω and δ remain fixed. Let
{̺ε,uε, ϑε}ε>0 be the corresponding sequence of renormalized solutions of the penalized problem given by Theorem
3.1. The estimates (3.16), (3.21) together with the equation of continuity (3.7), imply that
̺ε → ̺ in Cweak([0, T ];Lγ(B)),
and, up to a subsequence,
uε → u weakly in L2(0, T ;W 1,20 (B,R3)).
Directly from (3.19) we derive in the limit as ε→ 0 that
(u−V) · n(τ, ·)|Γτ = 0 for a.a. τ ∈ [0, T ]. (4.1)
Consequently, in accordance with (3.15), (3.16) and the compact embedding Lγ(B) →֒→֒W−1,2(B), we obtain
̺εuε → ̺u weakly-(*) in L∞(0, T ;L2γ/(γ+1)(B;R3)), (4.2)
and, due to the embedding W 1,20 (B) →֒ L6(B),
̺εuε ⊗ uε → ̺u⊗ u weakly in L2(0, T ;L6γ/(4γ+3)(B;R3)),
where the bar denotes a weak limit of a composed function.
Finally we deduce from (3.8) that
̺εuε → ̺u in Cweak([T1, T2];L2γ/(γ+1)(O;R3))
for any space-time cylinder
(T1, T2)×O ⊂ [0, T ]×B, [T1, T2]×O ∩ ∪τ∈[0,T ] ({τ} × Γτ ) = ∅.
Since L2γ/(γ+1)(B) →֒→֒W−1,2(B), we conclude that
̺u⊗ u = ̺u⊗ u a.a. in (0, T )×B.
4.1.1 Strong convergence of temperature
By assumption (2.4)
‖∇Q(ϑε)‖2L2((0,T )×B) ≤ C
(∫
(0,T )×B
|∇ϑε|2 dxdt+
∫
(0,T )×B
|∇ϑα2ε |2 dxdt
)
≤ C
(∫
{ϑε<1}
∣∣∣∣∇ϑεϑε
∣∣∣∣
2
dxdt+
∫
{ϑε≥1}
|∇ϑε|2|ϑε|α−2 dxdt+
∫
(0,T )×B
|∇ϑα2ε |2 dxdt
)
≤ C(δ)
(
‖∇ logϑε‖2L2((0,T )×B) + ‖∇ϑ
α
2
ε ‖2L2((0,T )×B)
)
(4.3)
and, with help of (3.24) and (3.25), we get
‖Q(ϑε)‖L2(0,T ;W 1,2(B)) ≤ c, (4.4)
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consequently,
Q(ϑε)→ Q(ϑ) weakly in L2(0, T ;W 1,2(B)). (4.5)
Next, according to Lemma 6.3 in [4] applied to (δ + ̺ε)Q(ϑε) we obtain
(δ + ̺ε)Q(ϑε)→ (δ + ̺)Q(ϑ) strongly in L2(0, T ;W−1,2(B)). (4.6)
Similarly as in Subsection 7.3.6 in [4] one gets
ϑε → ϑ strongly in L2((0, T )× Ω). (4.7)
4.1.2 Pointwise convergence of density
Next, we show pointwise convergence of the sequence {̺ε}ε>0. We define
pδ(̺, ϑ) = p(̺, ϑ) + δ̺
β, Tk(̺) = min{̺, k}.
Similarly as in [5] we establish the effective viscouse pressure identity:
pδ(̺, ϑ)Tk(̺)− pδ(̺, ϑ) Tk(̺) = 4
3
µω
(
Tk(̺)divxu− Tk(̺)divxu
)
, (4.8)
which holds only on compact sets K ⊂ [0, T ]×B satisfying
K ∩
(
∪τ∈[0,T ]
(
{τ} × Γτ
))
= ∅.
Following [5], we introduce the oscillations defect measure
oscq[̺ε → ̺](K) = sup
k≥0
(
lim sup
ε→0
∫
K
|Tk(̺ε)− Tk(̺)|q dxdt
)
,
and use (4.8) to conclude that
oscγ+1[̺ε → ̺](K) ≤ c(ω) <∞, (4.9)
where the constant c is independent of K. Thus
oscγ+1[̺ε → ̺]([0, T ]×B) ≤ c(ω), (4.10)
which implies, by virtue of the procedure developed in [4], the desired conclusion
̺ε → ̺ a.e. in (0, T )×B. (4.11)
4.1.3 Passing to the limit with ε
Passing to the limit in (3.7) we obtain∫
B
̺ϕ(τ, ·) dx −
∫
B
̺0,δϕ(0, ·) dx =
∫ τ
0
∫
B
(̺∂tϕ+ ̺u · ∇xϕ) dxdt (4.12)
for any τ ∈ [0, T ] and any ϕ ∈ C∞c ([0, T ]× R3).
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The limit in the momentum equation (3.8) is more delicate. Since we have at hand only the local estimates (3.27)
on the pressure, we have to restrict ourselves to the class of test functions
ϕ ∈ C1([0, T ];W 1,∞0 (B;R3)), supp[divxϕ(τ, ·)] ∩ Γτ = ∅, ϕ · n|Γτ = 0 for all τ ∈ [0, T ]. (4.13)
In accordance with (4.11) and (3.27), the momentum equation reads∫
B
̺u · ϕ(τ, ·) dx−
∫
B
(̺u)0,δ · ϕ(0, ·) dx (4.14)
=
∫ τ
0
∫
B
(
̺u · ∂tϕ+ ̺[u⊗ u] : ∇xϕ+ p(̺, ϑ)divxϕ+ δ̺βdivxϕ− µω
(
∇xu+∇txu−
2
3
divxuI
)
: ∇xϕ
)
dxdt
for any test function ϕ as in (4.13). In addition, as already observed, the limit solution {̺,u} satisfies also the
renormalized equation (3.12). The strong convergence of the temperature (4.7) is sufficient for the non-linear terms
in thermal energy equation to pass to their limits counterparts. In particular:
̺εQ(ϑε)→ ̺Q(ϑ) weakly in L2(0, T ;Lq1(B)) with q1 = 6γ
6 + γ
and
̺εQ(ϑε)uε → ̺Q(ϑ)u weakly in L2(0, T ;Lq2(B)) with q2 = 6γ
3 + 4γ
.
Moreover, if pϑ satisfies hypothesis (2.2) we have
ϑεpϑ(̺ε)divxuε → ϑpϑ(̺)divxu weakly in L1((0, T )×B)
(in order to provide it one may use (3.25) and additional information from artificial pressure) and since h satisfies
(3.10),
h(ϑε)ϑεpϑ(̺ε)divxuε → h(ϑ)ϑpϑ(̺)divxu weakly in L1((0, T )×B).
Due to the convexity of the function
[M, ϑ] 7→
{
h(ϑ)
(
µ
2M : M+ λ(tr[M])
2
)
if ϑ ≥ 0, M ∈ R3×3
∞ if ϑ < 0
and [4, Lemma 4.8], we get
∫ T
0
∫
B
h(ϑ)Sω(∇xu) : ∇xuϕdxdt ≤ lim inf
ε→0
∫ T
0
∫
B
h(ϑε)Sω(∇xuε) : ∇xuεϕdxdt (4.15)
where ϕ is as in (3.9). In order to treat the most-right term in (3.9) we apply [4, Corollary 2.2]. Let us set
∫ T
0
∫
B
χν,ξκ(ϑε)(−h′(ϑε))|∇ϑε|2 dxdt =
∫ T
0
∫
B
|√χν,ξG′(ϑε)∇ϑε|2 dxdt with G′(z) =
√
κ(z)(−h′(z)). (4.16)
The sequence χν,ξ∇G(ϑε) is uniformly bounded in L1+λ((0, T )×B) for certain λ > 0 and, consequently,√χν,ξ∇G(ϑε)→√
χν,ξ∇G(ϑ) weakly in L1((0, T ) × B). Due to a.e. convergence of ϑε → ϑ we have √χν,ξ
√
κ(ϑε)(−h′(ϑε)) →
14
√
χν,ξ
√
κ(ϑ)(−h′(ϑ)) strongly in L2. Thus, as ∇ϑε → ∇ϑ weakly in L2, we get √χν,ξ∇G(ϑε)→ √χν,ξ∇G(ϑ) weakly
in L1((0, T )×B). Then convexity of Φ(·) = | · |2 and [4, Corollary 2.2] provide∫ T
0
∫
B
χν,ξκ(ϑ)(−h′(ϑ))|∇ϑ|2ϕdxdt ≤ lim inf
ε→0
∫ T
0
∫
B
χν,ξκ(ϑε)(−h′(ϑε))|∇ϑε|2ϕdxdt, (4.17)
where ϕ is as in (3.9). Since ϑε is uniformly bounded in L
α+1 and due to properties of h, the sequence h(ϑε)ϑ
α+1
ε is
uniformly integrable in L1 (see [4, Proposition 2.1]). Then a.e. convergence of ϑε provides∫ T
0
∫
B
h(ϑε)ϑ
α+1
ε ϕdxdt→
∫ T
0
∫
B
h(ϑ)ϑα+1ϕdxdt as ε→ 0.
By the same token ∫ T
0
∫
B
Kν,ξ,h(ϑε)∆ϕdxdt →
∫ T
0
∫
B
Kν,ξ,h(ϑ)∆ϕdxdt as ε→ 0,
and also ∫ T
0
∫
B
Kh(ϑε)∇χν,ξ · ∇ϕdxdt→
∫ T
0
∫
B
Kh(ϑ)∇χν,ξ · ∇ϕdxdt as ε→ 0,
where ϕ is as in (3.9). Thus, the renormalized thermal energy inequality (3.9) takes in the limit the same form.
Finally, we obtain the following energy inequality when passing ε→ 0
∫
B
(
̺
1
2
|u|2 + ̺Pe(̺) + δ
β − 1̺
β + (̺+ δ)Q(ϑ)
)
(τ) dx + δ
∫ τ
0
∫
B
Sω : ∇xu+ ϑα+1 dxdt
≤
∫
B
1
2
|(̺u)0,δ|2
̺0,δ
+ ̺0,δPe(̺0,δ) +
δ
β − 1̺
β
0,δ + (̺0,δ + δ)Q(ϑ0,δ) dx+
∫
B
(
(̺u ·V)(τ, ·) − (̺u)0,δ ·V(0, ·)
)
dx
+
∫ τ
0
∫
B
(
µω
(
∇xu+∇txu−
2
3
divxuI
)
: ∇xV − ̺u · ∂tV − ̺u⊗ u : ∇xV − p(̺, ϑ)divxV − δ
β − 1̺
βdivxV
)
dxdt.
(4.18)
4.1.4 Fundamental lemma and extending the class of test functions
Our next goal is to use the specific choice of the initial data ̺0,δ to get rid of the density-dependent terms in (4.14)
supported by the “solid” part ((0, T )×B)\QT . To this end, we proceed the same way as in the barotropic case, more
precisely we use [7, Lemma 4.1].
Lemma 4.1 Let ̺ ∈ L∞(0, T ;L2(B)), ̺ ≥ 0, u ∈ L2(0, T ;W 1,20 (B;R3)) be a weak solution of the equation of
continuity, specifically, ∫
B
(
̺(τ, ·)ϕ(τ, ·)− ̺0ϕ(0, ·)
)
dx =
∫ τ
0
∫
B
(
̺∂tϕ+ ̺u · ∇xϕ
)
dxdt (4.19)
for any τ ∈ [0, T ] and any test function ϕ ∈ C1c ([0, T ]× R3).
In addition, assume that
(u−V)(τ, ·) · n|Γτ = 0 for a.a. τ ∈ (0, T ), (4.20)
and that
̺0 ∈ L2(R3), ̺0 ≥ 0, ̺0|B\Ω0 = 0.
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Then
̺(τ, ·)|B\Ωτ = 0 for any τ ∈ [0, T ].
By virtue of Lemma 4.1, the momentum equation (4.14) reduces to∫
Ωτ
̺u ·ϕ(τ, ·) dx −
∫
Ω0
(̺u)0,δ · ϕ(0, ·) dx (4.21)
=
∫ τ
0
∫
Ωt
(
̺u · ∂tϕ+ ̺[u⊗ u] : ∇xϕ+ p(̺, ϑ)divxϕ+ δ̺βdivxϕ− µω
(
∇xu+∇txu−
2
3
divxuI
)
: ∇xϕ
)
dxdt
−
∫ τ
0
∫
B\Ωt
µω
(
∇xu+∇txu−
2
3
divxuI
)
: ∇xϕ dxdt
for any test function ϕ as in (4.13). We remark that in this step we crucially need the extra pressure term δ̺β ensuring
the density ̺ to be square integrable.
Next, we argue the same way as in [7, Section 4.3.1] to conclude, that the momentum equation (4.21) holds in fact
for any test function ϕ such that
ϕ ∈ C∞c ([0, T ]× R3;R3), ϕ(τ, ·) · n|Γτ = 0 for any τ ∈ [0, T ]. (4.22)
4.2 The discontinuous heat conductivity coefficient
The aim of this section is to proceed to a limit with ξ → 0. In other words we pass from a smooth function χν,ξ
presented in (3.3) to a jump function χν . We denote by uξ, ϑξ and ̺ξ the sequences of functions satisfying relations
(4.12), (4.21), (3.9) and (4.18) which were constructed in a previous section. To pass to the limit ξ → 0 we use the a
priori estimates from Section 3.2 to conclude that there exist ̺, u and ϑ such that
̺ξ → ̺ in Cweak([0, T ];Lγ(B)) ∩ Cweak([0, T ];Lβ(B)),
uξ → u weakly in L2(0, T ;W 1,20 (B,R3)),
ϑξ → ϑ strongly in L2((0, T )×B).
(4.23)
Using the same procedures as in Section 4.1 we pass to the limit in most of the terms in the equations and inequalities
(4.12), (4.21), (3.9) and (4.18). We treat in detail only the terms directly involving χν,ξ.
Firstly, we consider the term
Iξ :=
∫ T
0
∫
B
χν,ξKh(ϑξ)∆ϕdxdt +Kh(ϑξ)∇χν,ξ · ∇ϕdxdt,
with ϕ as for (3.9). By integration by parts we derive
−Iξ =
∫ T
0
∫
B
χν,ξ∇Kh(ϑξ) · ∇ϕ dxdt =
∫ T
0
∫
B
χν,ξκ(ϑξ)h(ϑξ)∇ϑξ · ∇ϕ dxdt.
As a corollary of (3.22), (3.23), (3.26) and (4.23)3 we get (up to a subsequence)
ϑξ → ϑ weakly in L2(0, T ;W 1,2(B)),
ϑξ → ϑ strongly in Lp(0, T ;Lp(B)) for all p ∈ [1, α+ 1),
ϑ
α
2
+ 5
12
ξ → ϑ
α
2
+ 5
12 weakly in L2(0, T ;W 1,2(B)),
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and also
χν,ξ(t, x)
κ(ϑξ)h(ϑξ)
1 + ϑ
α
2
− 7
12
ξ
→ χν(t, x) κ(ϑ)h(ϑ)
1 + ϑ
α
2
− 7
12
strongly in L2((0, T )×B). (4.24)
Indeed, if we denote fξ = χν,ξ(t, x)
κ(ϑξ)h(ϑξ)
1+ϑ
α
2
−
7
12
ξ
and f = χν(t, x)
κ(ϑ)h(ϑ)
1+ϑ
α
2
−
7
12
, it follows that fξ → f almost everywhere.
Further, using interpolation between (3.22) and (3.26) we get
‖ϑξ‖
Lα+
3
2 ((0,T )×B)
≤ c
and fξ ∈ L
2+ 13
2
α+7
4 ((0, T )×B) uniformly. Consequently, |fξ|2 is uniformly integrable and from the Vitali convergence
theorem we get (4.24).
Finally, we have
χν,ξ(t, x)κ(ϑξ)h(ϑξ)∇ϑξ = χν,ξ(t, x)κ(ϑξ)h(ϑξ)
1 + ϑ
α
2
− 7
12
ξ
(
∇ϑξ + 1α
2 +
5
12
∇(ϑα2 + 512ξ )
)
=: aξbξ.
Since aξ tends strongly to
χν(t,x)κ(ϑ)h(ϑ)
1+ϑ
α
2
−
7
12
in L2((0, T )×B) and bξ tends to
(
∇ϑ+ 1α
2
+ 5
12
∇(ϑα2 + 512 )
)
weakly in L2((0, T )×
B), we get
χν,ξ(t, x)κ(ϑξ)h(ϑξ)∇ϑξ → χν(t, x)κ(ϑ)h(ϑ)∇ϑ in D′((0, T )×B).
We conclude, that for ϕ such that ∇ϕ · n|Γt = 0 we get
Iξ → −
∫ T
0
∫
B
χν∇Kh(ϑ)∇ϕdxdt = −
∫ T
0
∫
Ωt
χν∇Kh(ϑ)∇ϕdxdt −
∫ T
0
∫
B\Ωt
χν∇Kh(ϑ)∇ϕdxdt
=
∫ T
0
∫
Ωt
χνKh(ϑ)∆ϕdxdt +
∫ T
0
∫
B\Ωt
χνKh(ϑ)∆ϕdxdt =
∫ T
0
∫
B
χνKh(ϑ)∆ϕdxdt
=
∫ T
0
∫
B
Kν,h(ϑ)∆ϕdxdt.
It remains to handle the term ∫ T
0
∫
B
χν,ξκ(ϑξ)h
′(ϑξ)|∇xϑξ|2 dxdt.
However, since χν,ξ → χν a.e in B as ξ → 0, we may proceed similarly as in (4.16) and (4.17).
Hence, after passing with ξ → 0 the thermal energy inequality has the form∫ T
0
∫
B
(̺+ δ)Qh(ϑ)∂tϕ+ ̺Qh(ϑ)u · ∇ϕ+Kν,h(t, x, ϑ)∆ϕ − δh(ϑ)ϑα+1ϕdxdt (4.25)
≤
∫ T
0
∫
B
(h(ϑ)ϑpϑdivxu− h(ϑ)(1 − δ)Sω : ∇xu+ h′(ϑ)κν(t, x, ϑ)|∇xϑ|2)ϕdxdt +
∫
B
(̺0,δ + δ)Q(ϑ0,δ)ϕ(0) dx
for any ϕ ∈ C∞([0, T ]×R3), ϕ ≥ 0, ϕ(T ) = 0, ∇ϕ ·n|∂B = 0, ∇ϕ ·n|Γτ = 0 for any τ ∈ [0, T ] and any h ∈ C∞([0,∞))
such that (3.10) holds.
The equation of continuity (4.12), momentum equation (4.21) and the global total energy inequality (4.18) remain
in the same forms.
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4.3 Vanishing viscosity limit
In this section we let ω → 0 in order to get rid of the last integral in (4.21). Let {̺ω,uω, ϑω}ω>0 be the solution
constructed in the previous section. Let us recall that the viscosity coefficient has the following form (see (3.1), (3.2))
µω =


µ = const > 0 in QT ,
µω → 0 a.e. in ((0, T )×B) \QT .
From (3.18) we deduce that ∫ T
0
∫
Ωt
∣∣∣∣∇xuω +∇txuω − 23divxuωI
∣∣∣∣
2
dxdt ≤ c (4.26)
and ∫ T
0
∫
B\Ωt
µω
∣∣∣∣∇xuω +∇txuω − 23divxuωI
∣∣∣∣
2
dxdt ≤ c.
The last estimate yields ∫ τ
0
∫
B\Ωt
µω
(
∇xuω +∇txuω −
2
3
divxuωI
)
: ∇xϕ dxdt =
∫ τ
0
∫
B\Ωt
√
µω
√
µω
(
∇xuω +∇txuω −
2
3
divxuωI
)
: ∇xϕ dxdt→ 0 as ω → 0
for any fixed ϕ.
As we know from Lemma 4.1, the density ̺ω is supported by the “fluid” region QT . We use (3.15), (4.26) and
Korn’s inequality to infer ∫ T
0
∫
Ωt
|∇xuω|2 dxdt ≤ c.
By the arguments of Section 4.1, we let ω → 0 and obtain the same form of the continuity equation (4.12). The
momentum equation takes the form ∫
Ωτ
̺u ·ϕ(τ, ·) dx −
∫
Ω0
(̺u)0,δϕ(0, ·) dx (4.27)
=
∫ τ
0
∫
Ωt
(
̺u · ∂tϕ+ ̺[u⊗ u] : ∇xϕ+ p(̺, ϑ)divxϕ+ δ̺βdivxϕ− S(∇xu) : ∇xϕ
)
dxdt
for any test function ϕ as in (4.22). We would like to emphasise that the compactness of the density is necessary only
in the “fluid” part QT so a possible loss of regularity of uω outside QT is irrelevant.
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The thermal energy equation (4.25) can be written in a form
∫ T
0
∫
Ωt
(̺ω + δ)Qh(ϑω)∂tϕ+Kν,h(ϑω)∆ϕ− δh(ϑω)ϑα+1ω ϕ+ ̺ωQh(ϑω)uω · ∇ϕdxdt
+
∫ T
0
∫
B\Ωt
δQh(ϑω)∂tϕ+Kν,h(ϑω)∆ϕ− δh(ϑω)ϑα+1ω ϕdxdt
≤
∫ T
0
∫
Ωt
(
h(ϑω)ϑωpϑdivxuω + h(ϑω)(δ − 1)Sω : ∇xuω + h′(ϑω)κν(ϑω)|∇xϑω|2
)
ϕdxdt
+
∫ T
0
∫
B\Ωt
(
h(ϑω)(δ − 1)Sω : ∇xuω + h′(ϑω)κν(ϑω)|∇xϑω|2
)
ϕdxdt+
∫
B
(̺0,δ + δ)Q(ϑ0,δ)ϕ(0) dx (4.28)
for any ϕ ∈ C∞([0, T ]×R3), ϕ ≥ 0, ϕ(T ) = 0, ∇ϕ ·n|∂B = 0, ∇ϕ ·n|Γτ = 0 for any τ ∈ [0, T ] and any h ∈ C∞([0,∞))
such that (3.10) holds. Note, that the last integral on the right hand side is negative and thus can be omitted.
By the same arguments as in Section 4.1 we get after passing with ω to zero
∫ T
0
∫
Ωt
(̺+ δ)Qh(ϑ)∂tϕ+Kν,h(ϑ)∆ϕ − δh(ϑ)ϑα+1ϕ+ ̺Qh(ϑ)u · ∇ϕdxdt
+
∫ T
0
∫
B\Ωt
δQh(ϑ)∂tϕ+Kν,h(ϑ)∆ϕ− δh(ϑ)ϑα+1ϕdxdt
≤
∫ T
0
∫
Ωt
(
h(ϑ)ϑpϑdivxu+ h(ϑ)(δ − 1)S : ∇xu+ h′(ϑ)κν(ϑ)|∇xϑ|2
)
ϕdxdt+
∫
B
(̺0,δ + δ)Q(ϑ0,δ)ϕ(0) dx. (4.29)
The total energy inequality (4.18) can be written in the following way
∫
Ωτ
(
̺ω
1
2
|uω|2 + ̺ωPe(̺ω) + δ
β − 1̺
β
ω + (̺ω + δ)Q(ϑω)
)
(τ, ·) dx +
∫
B\Ωτ
δQ(ϑω(τ, ·)) dx
+ δ
∫ τ
0
∫
Ωt
Sω : ∇xuω + ϑα+1ω dxdt+
∫ τ
0
∫
B\Ωt
δ
(
Sω : ∇xuω + ϑα+1ω
)
dxdt
≤
∫
Ω0
1
2
|(̺u)0,δ|2
̺0,δ
+ ̺0,δPe(̺0,δ) +
δ
β − 1̺
β
0,δ + (̺0,δ + δ)Q(ϑ0,δ) dx +
∫
Ωτ
(̺ωuω ·V)(τ, ·) dx −
∫
Ω0
(̺u)0,δ ·V(0, ·) dx
+
∫ τ
0
∫
Ωt
(
µω
(
∇xuω +∇txuω −
2
3
divxuωI
)
: ∇xV − ̺ωuω · ∂tV − ̺ωuω ⊗ uω : ∇xV − p(̺ω, ϑω)divxV
− δ
β − 1̺
β
ωdivxV
)
dxdt+
∫
B\Ω0
δQ(ϑ0,δ) dx+
∫ τ
0
∫
B\Ωt
µω
(
∇xuω +∇txuω −
2
3
divxuωI
)
: ∇xV dxdt. (4.30)
On the right hand side we pass to the limit in the same way as in the momentum equation. The term
∫ τ
0
∫
B\Ωt
δSω :
∇xuω on the left hand side can be neglected since it is positive and the rest of the terms converge due to the same
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arguments as in Section 4.1. This way as ω → 0 we obtain
∫
Ωτ
(
̺
1
2
|u|2 + ̺Pe(̺) + δ
β − 1̺
β + (̺+ δ)Q(ϑ)
)
(τ) dx +
∫
B\Ωτ
δQ(ϑ(τ, ·)) dx
+ δ
∫ τ
0
∫
Ωt
S : ∇xu+ ϑα+1 dxdt+ δ
∫ τ
0
∫
B\Ωt
ϑα+1 dxdt
≤
∫
Ω0
1
2
|(̺u)0,δ|2
̺0,δ
+ ̺0,δPe(̺0,δ) +
δ
β − 1̺
β
0,δ + (̺0,δ + δ)Q(ϑ0,δ) dx+
∫
Ωτ
(̺u ·V)(τ, ·) dx−
∫
Ω0
(̺u)0,δ ·V(0, ·) dx
+
∫ τ
0
∫
Ωt
(
µ
(
∇xu+∇txu−
2
3
divxuI
)
: ∇xV − ̺u · ∂tV − ̺u⊗ u : ∇xV − p(̺, ϑ)divxV − δ
β − 1̺
βdivxV
)
dxdt
+
∫
B\Ω0
δQ(ϑ0,δ) dx. (4.31)
4.4 Vanishing artificial pressure
In this section we make the final limit procedure δ → 0 while setting ν = ν(δ) in a suitable way. In order to derive
estimates independent of δ, which we need further, we proceed in the following way. Starting from (4.31) we get
∫
Ωτ
(
1
2
̺|u|2 + ̺Pe(̺) + δ
β − 1̺
β + (̺+ δ)Q(ϑ)
)
(τ, ·) dx
≤ c(V)
(
1 + ‖∇xu‖L2(QT ) +
∫ τ
0
∫
Ωt
1
2
̺|u|2 + ̺Pe(̺) + ̺Q(ϑ) dxdt
)
, (4.32)
where c(V) may depend also on B, T and initial conditions but is independent of δ. Using the Gronwall inequality,
we get
ess sup
τ∈(0,T )
(∫
Ωt
(
1
2
̺|u|2 + ̺Pe(̺) + δ
β − 1̺
β + (̺+ δ)Q(ϑ)
)
(τ, ·) dx+
∫
B\Ωτ
δQ(ϑ)(τ, ·) dx
)
+ δ
∫ T
0
∫
B
ϑα+1 dxdt ≤ c (1 + ‖∇xu‖L2(QT )) . (4.33)
In the same way as in [5] one may derive from equation (4.29) that
‖∇xu‖2L2(QT ) ≤
∫ T
0
∫
Ωt
S : ∇xu dxdt ≤
∫ T
0
∫
Ωt
ϑpϑ(̺)|divxu| dxdt+ c(1 + ‖∇xu‖L2(QT ))
≤
(∫ T
0
∫
Ωt
ϑ2p2ϑ(̺) dxdt
) 1
2
‖∇xu‖L2(QT ) + c(1 + ‖∇xu‖L2(QT )). (4.34)
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Further,
∫ T
0
∫
Ωt
ϑ2̺
2γ
3 dxdt ≤
∫ T
0
(∫
Ωt
̺ϑ
α
2 dx
) 4
α
(∫
Ωt
̺
2αγ−12
3α−12 dx
)α−4
α
dt
≤ c
(
ess sup
t∈(0,T )
∫
Ωt
̺Q(ϑ) dx
) 2
α ∫ T
0
(∫
Ωt
̺γ dx
) 2γα−12
3γα
dt
≤ c(1 + ‖∇xu‖L2((0,T )×Ωt))
4
α
+ 2γα−12
3γα (4.35)
provided α ≥ 12(γ−1)γ . Note that 4α + 2γα−123γα < 2 for any α ≥ 4 and γ ≥ 32 . Combining this and (4.34) we obtain
‖∇xu‖L2(QT ) ≤ c (4.36)
with constant independent of δ. Going back to (4.33) we get
ess sup
t∈(0,T )
‖√̺u(t, ·)‖L2(QT ) ≤ c, (4.37)
ess sup
t∈(0,T)
‖̺(t, ·)‖Lγ(Ωt) ≤ c, (4.38)
ess sup
t∈(0,T )
δ‖̺(t, ·)‖β
Lβ(Ωt)
≤ c, (4.39)
δ
∫ T
0
∫
B
ϑα+1 dxdt ≤ c, (4.40)
δ
∫ T
0
∫
B
Q(ϑ) dxdt ≤ c, (4.41)
with c independent of δ.
Let {̺δ,uδ, ϑδ}δ>0 be a solution constructed in the previous section as a consequence of letting ω → 0. Now we pass
to the limit with δ → 0 in the weak formulations of the equations and inequalities (4.12), (4.27), (4.29), (4.31). The key
point here is again the strong convergence of densities which is obtained using the results on propagation of oscillations
mentioned already in Section 4.1.2, for more details see [4]. Having this, we pass to the limit in the continuity equation
(4.12) which together with Lemma 4.1 yields (2.5). We also easily pass to the limit in the momentum equation (4.27)
with test function ϕ as in (4.22). Concerning the total energy inequality (4.31) we proceed in the same steps as in [4,
Section 7.5] to obtain (2.12). It remains to pass to the limit in the thermal energy inequality.
4.4.1 Thermal energy inequality
In order to get a proper limit in thermal energy equation, we set ν = δ2, we take h(ϑδ) =
1
(1+ϑδ)z
, z ∈ (0, 1) in (4.29)
and we let δ to 0. In order to prove that the terms integrated over the solid part B \Ωt vanish in the limit we proceed
in the following way. We have, due to (4.40) and the Ho¨lder inequality,
∫ T
0
∫
B
δh(ϑδ)ϑ
α+1
δ ϕdxdt ≤ c
∫ T
0
∫
B
δϑα+1−zδ dxdt = c
∫ T
0
∫
B
δ
α+1−z
α+1 ϑα+1−zδ δ
z
α+1 dxdt
≤ cδ zα+1
(∫ T
0
∫
B
δϑα+1δ dxdt
)α+1−z
α+1
≤ cδ zα+1 → 0 as δ → 0.
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Similarly,
∣∣∣∣∣
∫ T
0
∫
B
δQh(ϑδ)∂tϕdxdt
∣∣∣∣∣ ≤ c
(∫ T
0
∫
B
δϑδ dxdt+
∫ T
0
∫
B
δϑ
α
2
δ dxdt
)
≤ c

δ αα+1
(∫ T
0
∫
B
δϑα+1δ dxdt
) 1
α+1
+ δ
1
2
(∫ T
0
∫
B
δϑα+1δ dxdt
) 1
2

→ 0 as δ → 0.
Finally, by the choice ν = δ2 we have∣∣∣∣∣
∫ T
0
∫
B\Ωt
Kν,h(ϑδ)∆ϕ , dxdt
∣∣∣∣∣ ≤
∫ T
0
∫
B\Ωt
δ2
∫ ϑδ
0
κ(z) dz|∆ϕ| dxdt
≤ c
∫ T
0
∫
B\Ωt
δ2
(
ϑ+ ϑα+1
) |∆ϕ| dxdt→ 0 as δ → 0.
We omit the details concerning the limit in the terms integrated on the fluid part Ωt, since it is done in the same way
as in [4, Section 7.5.5] by first proceeding with δ → 0 keeping z fixed and then passing with z → 0. In the limit, (2.14)
is obtained, which completes the proof of Theorem 2.1.
5 Discussion
The assumption on monotonicity of the pressure is not necessary, the same result can be obtained for a non-monotone
pressure adopting the method developed in [3].
The case of nonconstant viscosities µ = µ(ϑ) and η = η(ϑ) for bounded, continuously differentiable, globally
Lipschitz functions µ, η with µ bounded away from zero, can be also treated by adopting the technique of [5].
As pointed out in the introduction, the general Navier slip conditions (1.15) are obtained introducing another
boundary integral in the weak formulation, namely
∫ T
0
∫
Γt
ζ(u−V) · ϕ dSx dt
Taking ζ = ζ(x) as a singular parameter, we can deduce results for mixed type no-slip - (partial) slip boundary
conditions prescribed on various components of Γt.
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